We introduce a scheme that combines phonon-mediated quantum logic gates in trapped ions with the benefits of continuous dynamical decoupling. We demonstrate theoretically that a strong driving of the qubit decouples it from external magnetic-field noise, enhancing the fidelity of two-qubit quantum gates. Moreover, the scheme does not require ground-state cooling, and is inherently robust to undesired ac Stark shifts. The underlying mechanism can be extended to a variety of other systems where a strong driving protects the quantum coherence of the qubits without compromising the two-qubit couplings. A quantum processor is an isolated quantum device where information can be stored quantum-mechanically over long periods of time, but can be also manipulated and retrieved. This forbids its perfect isolation, making such a device sensitive to the noise introduced by either external sources, or experimental imperfections. Additionally, the interactions between distant quantum bits (qubits), as required to perform quantum logic operations, are frequently achieved by auxiliary (quasi)particles whose fluctuations introduce an additional source of noise. As emphasized recently [1], one of the big challenges of quantum-information science is the quest for methods to cope with all these natural error sources, achieving error rates that allow fault-tolerant quantum error correction.
A quantum processor is an isolated quantum device where information can be stored quantum-mechanically over long periods of time, but can be also manipulated and retrieved. This forbids its perfect isolation, making such a device sensitive to the noise introduced by either external sources, or experimental imperfections. Additionally, the interactions between distant quantum bits (qubits), as required to perform quantum logic operations, are frequently achieved by auxiliary (quasi)particles whose fluctuations introduce an additional source of noise. As emphasized recently [1] , one of the big challenges of quantum-information science is the quest for methods to cope with all these natural error sources, achieving error rates that allow fault-tolerant quantum error correction.
We address this problem for trapped atomic ions [2] . Among the most relevant sources of noise in this system [3] , we can list the following: (i) thermal noise introduced by auxiliary phonons, (ii) fluctuating external magnetic fields, (iii) uncompensated ac Stark shifts due to fluctuations in the laser parameters, and (iv) drifts in the phases of the applied laser beams. There are two different strategies to overcome these obstacles: (a) Minimize the thermal fluctuations by laser cooling [4] , searching for gates operating faster than the time scale set by the other noise sources [5] , or (b) look for schemes that are intrinsically robust to the noise. Among the latter, there are schemes that provide partial solutions, such as the gates robust to the thermal ion motion [6, 7] , or the encoding in magnetic-field-insensitive states [8] and decoherence-free subspaces [9] . Recently, there has been a growing effort to implement microwave-based quantum-information processing [10] [11] [12] , exploiting the excellent control over the phase and amplitude of microwaves as compared to laser fields. Despite these efforts, it remains a key challenge to suppress all of the above sources of noise. Here, we propose to accomplish such a step, achieving fault-tolerant error bounds, by a continuous version of dynamical decoupling at reach of current technology.
While pulsed dynamical decoupling is a well-developed technique [13] , already demonstrated for ions [14] , its optimal combination with two-qubit gates requires a considerable additional effort [15] . Hence, simpler protocols are a subject of recent interest [11, 16] . We hereby present a decoupling scheme well suited, but not limited, to trapped-ion experiments with three important properties: generality, simplicity, and robustness. It is sufficiently general to be applied to any type of ion qubits. It is simple since it combines two standard tools, namely, a carrier and a red-sideband excitation. In particular, it relies on the strong driving of the carrier transition, which may be realized by laser beams for optical qubits, or by microwaves for hyperfine and Zeeman qubits. With this independent driving source, we improve simultaneously the performance and the speed of the gate, as compared to the light-shift gates [17] . Besides, this driving has the potential of simplifying certain aspects of previous gate schemes [18] , and is responsible for the gate robustness at different levels.
The system. We focus on 25 Mg + to exploit the benefits of microwave technology [19] , although the scheme is also valid for other species. Our qubit consists of two hyperfine states |0 ,|1 with energy difference ω 0 [see Fig. 1 (a) and Table I ]. The ions form a string along the axis of a linear Paul trap with radial and axial frequencies ω x ,ω z . The small radial vibrations yield a set of vibrational modes of frequencies ω n , whose excitations are the transverse phonons a n ,a † n [18] . If the qubitqubit couplings are mediated by these quasiparticles [20] , the scheme becomes less sensitive to ion heating or thermal motion, and it is easier to operate within the Lamb-Dicke regime.
As shown in Fig. 1(a) , a pair of laser beams in a Raman configuration induces a transition between the qubit states. By setting their frequency beatnote ω L close to ω 0 − ω n , such that the detuning δ n = ω L − (ω 0 − ω n ) is much smaller than the radial trap frequency [see Table I for the bare detuning δ L = ω L − (ω 0 − ω x )], one obtains the red-sideband excitation. In addition, we drive the carrier transition. For our particular qubit choice, this driving can be performed with microwave radiation of frequency ω d , such that H t = H c + H r is
where we have introduced the microwave Rabi frequency d , and the sideband coupling strengths |F in | ∝ L η scale linearly with the laser Rabi frequency L and Lamb-Dicke parameter η, such that |F in | δ n (Table I) . Here, we use the spin operators σ + i = |1 i 0 i |, and we work in the interaction picture rotating with the phonon and qubit frequencies.
Sideband gates and thermal noise. We first introduce an intuitive picture. The Hamiltonian (1) for d = 0 combines [18] . In Fig. 1(b) , we describe the action of the σ x force on a single ion [6, 7] . Depending on the state |± x , the ion follows a different path in phase space, and after returning to the starting point, it picks a geometric phase only determined by the enclosed area, and independent of the motional state. In contrast, for a single red sideband, σ x and σ y forces are implemented, resulting in rotations around two orthogonal axis [ Fig. 1(c) ]. In a Trotter decomposition, the concatenation of these orthogonal displacements spoils the closing of the trajectory, such that the qubit and phonon states remain entangled. As shown below, this makes the gate sensitive to thermal fluctuations. (box) at half the σ y displacements, one obtains |± y → |∓ y , such that the displacements are reversed (dotted arrows), and the trajectory is refocused, yielding a well-defined geometric phase.
For large detunings |δ L | L η, the lasers only excite virtually the vibrational modes, and the phonons can be adiabatically eliminated. In fact, it is the process where a phonon is virtually created by an ion, and then reabsorbed by a distant one, which gives rise to the effective XY couplings [21] 
At certain instants of time, the unitary evolution corresponds to a SWAP gate [22] , which performs the logic operation |1 i 0 j ↔ |0 i 1 j while leaving the remaining states unchanged. However, there is an additional process that spoils the performance of the gate, namely, the phonon might be reabsorbed by the same ion. This leads to a residual spin-phonon coupling
where
). Accordingly, the resonance frequency fluctuates in time due to the motional dynamics, leading to a local thermal noise in the limit of many ions that introduces dephasing. In Fig. 2(a) , the critical effect of this term on the SWAP gate is displayed. We compare the numerical simulation of the full spin-phonon Hamiltonian to the effective idealized description (2) . As evidenced in this figure, the gate performance is severely modified by the thermal phonon ensemble. As the mean phonon number is increased, the oscillations get a stronger damping, and the generation of Bell states at half the SWAP periods (arrows) deteriorates.
Achieving robustness against thermal noise. We now show how to protect the coherent spin dynamics from this thermal dephasing by switching d = 0. Schematically, this may be accomplished by refocusing one of the spin-dependent forces using a series of spin-echo pulses [23] that invert the atomic state [ Fig. 1(d) ]. We show that the strong driving of the carrier transition implements a continuous version of this refocusing, providing a viable mechanism for overcoming this noise. As will become clear later on, this driving also minimizes the undesired errors due to ac Stark shifts and magnetic-field noise.
A helpful account of the decoupling mechanism may be the following. In the dressed-state basis of the driving |± x i = (|1 i ± |0 i )/ √ 2, the residual spin-phonon coupling becomes H res (t) = inm B inm |+ x i − x |a † m a n e i[ d −(ω n −ω m )]t + H.c. For a strong driving strength d , this term rotates very fast even for two vibrational modes that are close in frequency, and can be thus neglected in a rotating-wave approximation. Note that the same argument applies for any stable driving phase [18] .
This simple argument has to be readdressed for a combination of the carrier and red-sideband interactions (1), since the residual couplings are no longer described by Eq. (3) . In order to show that a similar argument can still be applied, we have performed a polaron-type transformation [18] . We find that the dynamics is described by the effective Hamiltoniañ
whereas the residual spin-phonon coupling is given bỹ
By moving to the dressed-state basis, the residual term only involves transitions between the dressed eigenstates |+ x ↔ |− x , supplemented by the transformation on the phonons encoded in the different powers ofˆ i . Fortunately, all these transitions are inhibited due to the large energy gap between the dressed states set by d . More precisely, in the strong driving regime d 2δ n (see Table I ), the leading-order terms of the residual coupling (5) can be neglected in a rotating-wave approximation.
To check the correctness of this argument, we integrate numerically the complete Hamiltonian (1), and take into account the thermal motion of the trapped ions. After the unitary evolution U (t f ) = U (t f ,
t f ,0), we calculate the fidelity of producing the Bell state Fig. 2(b) demonstrate the promised decoupling from the thermal noise, where one observes that the fidelity of the gate improves considerably when d 2δ n . For driving strengths in the 4-5 MHz range, the gate error lies within the fault-tolerance threshold t ∼ 10 −2 -10 −4 [24] for states with mean phonon numbersn 2. However, we expect a lower fidelity when experimental imperfections are considered.
In Fig. 3 , we describe the experimental steps required to create the desired Bell state. In the first step, the qubits are optically pumped to |0 , and the initial state |ψ 0 = |10 is prepared by a π -pulse X π 1 obtained from a microwave resonant with the carrier transition. Three comments are now in order. First, a magnetic field B 0 ≈ 4 mT needs to be applied to ensure a sufficiently large Zeeman splitting between magnetic states to avoid driving unwanted transitions. Note that the motional excitation due to the microwave is negligible owing to the vanishing Lamb-Dicke factor. Second, either the ac Stark shift from an off-resonant laser beam or a magnetic-field gradient is required to effectively hide the second ion. Alternatively, one could use ion shuttling techniques [25] . Third, we account for the worst possible scenario by considering (i) different switching times of the lasers and microwaves, and (ii) imperfect timing with the microwave. By introducing global π -pulses Z π 1 Z π 2 from the energy shift of an off-resonant strong microwave, we refocus the fast oscillations caused by the resonant microwave and correct the possible difference of switching times. In the second step, the two-qubit coupling is applied at t = t 0 by switching on the laser beams responsible for the red sideband. Again, a refocusing pulse at t = t f /2 shall correct for the imperfect synchronization. In the final step, after switching off the laser and microwaves at t = t f , the qubit state is measured by state-dependent fluorescence techniques. If the announced decoupling has worked correctly, this two-qubit gate should have generated the entangled Bell state | − regardless of the phonon state. Let us emphasize that this gate is capable of producing the remaining Bell states by choosing different initial states [18] and, together with single-qubit rotations, becomes universal for quantum computation.
Resilience to magnetic-field noise and ac-Stark shifts. So far, we have neglected the effects of the environment. In standard traps, the leading source of noise is due to environmental fluctuating magnetic fields, which limit the coherence times of magnetic-field-sensitive states to milliseconds [3] . This is particularly important for multi-ion entangled states [26] , and will also play a role in our scheme considering that J eff /2π ≈ 1 kHz. We model the global magnetic-field noise by a fluctuating resonance frequency H n = [27] characterized by a diffusion constant c and a correlation time τ , which leads to σ x (t) = e −t/T 2 with T 2 = 2/cτ 2 [18] . By fixing these parameters, we can reproduce the experimentally observed T 2 ≈ 5 ms [ Fig. 4(a) ], and study its consequences on the two-qubit entangling gate. Notice that the evolution within the zeromagnetization subspace is not affected by this global noise, which is a decoherence-free subspace. Hence, we have studied the fidelity for the Bell state | − = (|11 − i|00 )/ √ 2. The strong driving d protects the qubit coherences from this magnetic noise without compromising the entangling gate, and may be considered as a continuous version [11, 28] of the so-called dynamical decoupling [13] . To single out the effects of the noise from those of the thermal motion, we have considered a ground-state cooled crystal, setting d /2π = 5.2 MHz to ensure that the results can be carried out to higher temperatures [ Fig. 2(b) ]. We evaluate numerically the fidelity of generating the Bell state | − by averaging over different samplings of the random noise [inset of Fig. 4(b) ]. Due to the decoupling, the fidelity approaches unity at the gate time t f = 0.7 ms. In the main panel of Fig. 4(b) , we show that the gate error for shorter coherence times still lies below the fault-tolerance threshold, which demonstrates that the decoupling mechanism supports a stronger magnetic noise. Alternatively, this tells us that the gate tolerates smaller speeds, and thus lower Rabi frequencies of the Raman beams. This shall reduce even further the thermal error studied above, and the spontaneous scattering of photons due to the Raman configuration. We have also calculated the fidelity of the quantum channel with respect to the desired quantum gate [18] , which also lies within the fault-tolerance threshold.
As an additional advantage of our scheme, we note that it also minimizes the effects of uncompensated ac Stark shifts. In the implementations of the geometric phase gates, the shifts caused by off-resonant transitions to all possible states must be compensated by tuning the laser intensities, frequencies, and polarizations [29] . However, fluctuations of these parameters will introduce additional noise. In contrast, these energy shifts are canceled in our scheme by the strong driving, in analogy to the minimization of fluctuating Zeeman shifts. Let us finally comment on the effect of phase instabilities on the gate. In contrast to Mølmer-Sørensen (MS) gates [6] , our scheme does not depend on the slow drift of the laser phases. The secondorder process, whereby a phonon is virtually excited and then reabsorbed, is associated with the creation and subsequent annihilation of photons in the same pair of Raman beams, giving rise to the insensitivity to slow changes of the phase [see Eq. (2)]. In contrast, the MS scheme involves two different pairs of Raman beams, such that the crosstalk leads to the phase sensitivity. Hence, our gate (4) only relies on the phase of the microwave, which is easier to stabilize as compared to the phase of the laser beams. We note that concatenated drivings may overcome amplitude fluctuations [30] .
Conclusions. We have introduced a scheme that merges continuous dynamical decoupling with warm quantum gates in trapped ions. The decoupling, on top of reducing the magnetic noise, is also responsible for the robustness with respect to thermal fluctuations and ac Stark shifts. Although we have focused on sideband interactions, our scheme could also protect MS gates from magnetic-field fluctuations and ac Stark shifts. Moreover, these ideas may find applications in other architectures that use a bosonic data bus to couple distant qubits, such as superconducting qubits coupled to transmission lines, or color centers in nanodiamonds coupled to nanomechanical resonators.
Note added. Recently we became aware of the interest in similar ideas for atoms in thermal cavities [31] and decoherence-free states in ion traps [32] .
